Introduction.
There are various generalizations of Fermat's theorem that ap_1 = 1 (mod p) for any prime p and any integer a not divisible by p. The generalization that we present arises from looking at Fermat's result this way: given any prime p the congruence xp-x = 0 (mod p) is satisfied by every integer x; moreover, if f(x) is a polynomial with integral coefficients such that/(x)=0
(mod p) is satisfied by every integer x, then/(x) is a multiple of xp -x. The problem that we raise and settle here is this: for any positive integer m characterize the class of polynomials f(x) having the property that f(x) =0 (mod m) is satisfied by every integer. It turns out that in general, unlike the Fermat case where m is a prime, these polynomials are not all multiples of a single polynomial. Nevertheless these polynomials form an ideal with a finite set of generators.
We now introduce a preferable notation to put the question in more tractable form. Let 7 denote the class of all integers, and I/m the finite ring of integers modulo m, so that I/m consists of elements 0,1,2, ■•■, m -1 with addition and multiplication defined modulo m. In the ring R of polynomials g(x) with coefficients in I/m, let S(m) denote the subring of polynomials/ (x) such that f(a) =0 for every element a in I/m. This subring S(m) is an ideal in R, because (i) the difference of any two polynomials in S(m) is again a polynomial in d(m), and (ii) if f(x) is any polynomial in d(m) and g(x) is any polynomial in R, then f(x)g(x) is in <f(m). Our problem is to determine the structure of the ideal S(m). In case m is a prime p, then as we remarked earlier, S(p) is known to be the class of polynomials which are multiples of xp-x. Thus S(p) is a principal ideal with the single generator xp-x. In case m is not a prime we prove that S(m) is not a principal ideal, and we find a basis for $(m).
t(s -I) <n ^ t(s).
Finally, define the polynomials
, J=0
g>(x) = II (x -j), i-o with coefficients in I/pn. We shall establish that these polynomials form a basis for the ideal 8(pn).
Lemma 1. For any aCI/p" and any k in the range l^k^s,we have gk(a)=0.
Proof. When x is replaced by a, the product H(x-j) in gk(x) becomes either zero or the product of kp consecutive integers, modulo pn. But the product of kp consecutive integers is divisible by (kp)\, so the lemma follows from the definition of t(k). and remainder ao, so that
Divide/i(x) byx -1, say with quotient/2(x) and remainder a\, so that
Continuing this process by dividing/2(x) by x -2, then/3(x) by x -3, etc., we obtain the lemma by induction, q(x) being the last quotient in the division process. Similarly from setting x=p + l, x=p + 2, ■ ■ ■ , x = 2p -l in succession we obtain
The process continues with x = 2p, x = 2p + l, etc. In general when we set x = kp+j with 0^j<p
in (2) we get
By definition the highest exponent of p dividing (kp)\, and so also (kp+j)\, is t(k). Hence we have
Substituting these values in (2), we collect the terms in batches and use equations (1) to conclude that for k<s,
Thus (2) becomes
and this proves the theorem.
Example. Let pn = 9 so that p = 3, n = 2, *(1) = 1, t(2)=2, 5 = 2. Then ^(9) has a basis gi(x) = 3x(x -l)(x -2) = 3x3 + 6x, e g2(x) = Jl(xj) = x6 + 3x6 + 4x4 + 4x2 + 6x. (3) hk
To sketch a proof of this we observe first that for these values of k the relation t(k) =k holds. Then for k = 1 the argument of the preceding paragraph shows that gi(x) = hi(x) in I/pn. Next we note that
Hence in I/pn we have gi(x) = h2(x) + hi(x) {qi(x) + q2(x) }, so that the generator g2(x) can be replaced by h2(x) in the presence of ^i(x). Next it can be established that so that gi(x) can be replaced by hs(x) in the presence of hi(x) and h2(x). This argument can be continued by induction to obtain the result stated above; unfortunately the process stops at k=p -1. With these definitions it can be verified that addition and multiplication are preserved under the correspondence (6). Thus these r-tuples comprise a ring isomorphic to I/m, as asserted in (4). The direct sum extends from the rings to the corresponding ideals S(m), S(pni), etc. Let/(x) be any polynomial in 8(m), say (xj) with coefficients in I/pf, such that fj(aj) =0 for every a;-in I/p"'. Then by (9) these polynomials define a unique polynomial/(x) with coefficients in I/m, and it is clear that/(a) =0 for every a in I/m.
We now show that this direct sum gives us a basis for S(m) from the known bases for S(p"').
Theorem 3. For each generator gj(xj) of S(p"') define a polynomial g(x) by the correspondence, similar to (9), (10) g ( This theorem can be stated in the language of number theory, without any direct sum notation, as follows. The totality of such G(x) constitutes a basis for S(m).
Example, m = 45. We have seen earlier that S(9) has the generators 3x3 + 6x and x6 + 3x5+4x4+4x2-l-6x. Now 4(5) has the single generator x6+4x. Using the second formulation of Theorem 3 we see that 4(45) has a basis 30x3 + 15x, 10x6 + 30X5 + 40x4 + 40x2 + 15x, 36x6 + 9x.
Remarks. We have stated Theorem 2 for the special direct sum (4). It could have been stated for any direct sum of commutative rings R = Ri + Rt -]-+Rr.
Thus let S be the ideal of all polynomials f(x) over R such that f(a) =0 ior every a in R. Let Si, St, ■ ■ ■ , Sr be the corresponding ideals for Ri, R2, ■ ■ ■ , Rr. Then the obvious generalization of Theorem 2 is that S = Si+S2+ ■•■ +Sr.
A similar generalization holds for Theorem 3.
4. Nonprincipal ideals. is also in the ideal, but this polynomial is not a multiple of f(x). Hence n = 1 and m=p.
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